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@ Jordan Algebras J

@ Tits-Kantor-Koecher (TKK) Construction co(J)
TKK for 35 = H(C) and reduction to 35 = Ha(R)
Dynamical symmetry of Landau problem Sp(4,R)
Newton-Hooke duality

H-atom dynamical symmetry SO(2, 4)

2D H-atom versus Landau problem
Kustaanheimo-Steifel transform and Hopf fibrations

°
°
°
@ Dirac remarkable representation of SO(2, 3)
°
°
@ Majorana spinors and Sp(4,R)
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@ Tekin Dereli, Philippe Nounahon, Todor Popov
A Remarkable Dynamical Symmetry of
the Landau Problem.
loP Tekin Dereli’s Festschrift, Istanbul 2021

@ Mariana Kirchbach, Todor Popov, José-Antonio Vallejo.
Color confinement at the boundary of AdSs.
Journal of High Energy Physics, 2021(9).
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Euclidean Jordan algebra J

Algebra of observables in Quantum Mechanics
(Pascual Jordan)

1
Xoy=yox=z(xy+yx)

(x20y)ox=x%0(yox) VX, yegJ.

J is commutative but is not associative
Euclidean Jordan algebra (Jordan, von Neumann, Wigner)

X2 +y?=0 =x=0 and y=0

it is power-associativity, x™" = x™ o x"
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Tits-Kantor-Koecher Construction

conformal (Mébius) algebra
0(J) =911 D90 ®g1 =JOste(J) DI
co(J) is a 3-graded Lie algebra with involution {
[o.0] Coisj 0 =0k

(x,y,2) =[x,y 2] X,y,Z€9:127.
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Jordan algebra and Jordan triple product

(abc) = ao(boc)—bo(aoc)+(aob)oc.
Jordan Triple System

(abc) = (cba) (1)
(ab(cdx)) — (cd(abx)) = (a(dcb)x) — ((cda)bx) .

alinear map S} : J — J through
Sx(2) = (xyz) .
Structure algebra stv(J)

dab bed
(S5, 881 = Sty — S = S5 — Sy )
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TKK conformal algebra co(3J)

Structure constants ZZ‘;

S (2) = (xyz) (e, €, 8,) = X765 -
determine conformal algebra co(J) = g+1 P go P g1 =J

[Ua7 Ub] = _zsg ) [Ua, Ub]

= 0, Ua € 94
[S5.Ue] = Uy,  [S5,Sg] = Sy — S, SLeg
[S,u°] = —ub™) U3 Ub] = 0, UP € g

Guowu Meng J-Kepler problem
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Jordan Triple Structure constants

X0+ X3 Xq — iX N
x:x“aﬂzx:x“au:< o M 2> X €3

Xy +iXo Xp— X3

(0a,08,04) = Zg’;ap = 0q0(0g00y)—0g0(0,004)+(0n008)00,

gives back the concise formula

06 = 040 + 000 — 9% Gary - (3)
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Gunaydin’s Oscillator Realization of co(J5) = s50(2,4)

co(3) | operator € co(J) | mapping | x—rep basis s0(2,4)
3 Us=—-ia"P, €g_1 X~ a P,=i0,

ste(3) | S =ia"b,S! € go X+ (a,b, x) St = ¥ x>0,
J* Ub = ib,K* € giq X —(x,b,x) | Kt =iZHx"x*0,

Jordan algebra J5 and 3-graded Lie algebra so(2, 4)

g1 —iP, = 09, translations

90 iMr, = —x*0, + x,0" Lorentz transformations
90 iD = xt0, dilatation

041 iKF = —2xMx"0, + XX, 0" special conformal
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Conformal algebra of Minkowski spacetime R'3

c0(J5) = s0(2,4) acting on My 3 = N/R* = (S x §%)/Z;

ste(35)
c0(35) =50(2,4) = (35)" ®(s0(1,3) & R )& 3§ v =0,1,23
—— N e’ ~—~—
K M D P,
Xo+ X3 Xy —iXp ~C
= H = o ] =
x=xlo, =x=xlo, (x1+ix2 xo—x3> X € J3
Y00 = 6060 + 6508 — 9% Gary - (4)
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Geometrical TKK

many layer realization of the Erlangen program
Aut(3) C Str(3) c Co(J)
SO(3) c SO(1,3) c SO(2,4)

Group | Transformations Space
Aut(J) | rotations x' = Ox eulidean
Stro(J) | Lorentz group x' = Nx pseudo-euclidean
P(J) | Poincaré group x' =Ax+a affine pseudo-euclid
PL(J)| Similitude group x’ = e’(Ax + a) rescaled affine pseu
Co(3) | Modbius group Z = ijj;g projective

acting on projective space of rays in the Hilbert space
str(J5)

~Cy _ _ (~Cyx ~C

c0(Jz) =90(2,4) = (J3)" @ (s0(1,3) & R )& J3

R
—_ = 7 -~
Kr MY D P,
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TKK for Jordan algebra 35 = Ha(R)

real Pauli matrices with coordinates {yo, y1, y2}

Yo+ Yo )4 T
= E xto, = , =y. 5
y Op < ¥ Yo — Vo > y y ()

conformal algebra of Minkowski space R'2 acting on
Mip=N/R* = (81 X 82)/22

ste(35)
c0(33) = 0(2,3) = (33)* @ (s0(1,2) & R )& J3 ji,i7 =0,1,2
—_—— N——— N O
K# ME b P
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Conformal Time Transfromations SO(1, 2)

TKK construction of the Jordan algebra 3% = R

c(R) =s0(1,2) = (3}) @ ste(3F) @ JF = RKy @ RD G RP, .
different SO(1,2)-generator is a conformal hamiltonian:

By = r(p?+1)/2 E <0 bound states dS ,
Ay = r(p®P-1)/2 E >0 scattering states AdS ,
A+ By = rp? E =0 free motion Mink .
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Newton-Hooke duality

Hydrogen atom versus Harmonic Oscillators

dual
—

e~ in electric field e~ in magnetic field .
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Newton-Hooke duality

Hydrogen atom versus Harmonic Oscillators

dual
—

e~ in electric field e~ in magnetic field .

Kustaanheimo-Stiefel Conformal spinorial regularization
Barut & co, Mack & Todorov

3D H-atom
S0O(2,4)

4D Harmonic Oscillator
SU(2,2)

R T
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Newton-Hooke duality

Hydrogen atom versus Harmonic Oscillators

dual
—

e~ in electric field e~ in magnetic field .

Kustaanheimo-Stiefel Conformal spinorial regularization
Barut & co, Mack & Todorov

3D H-atom TN 4D Harmonic Oscillator
S0O(2,4) o SU(2,2)

2D H-atom & 2D Harmonic Oscillator
SO(2,3) = Sp(4,R) (Landau problem)

Levi-Civita (Bohlin) regularization
Dirac "A Remarkable Representation of the 3 + 2 de Sitter Group”
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H-atom Spectrum Generating Algebra SO(2, 4)

Dynamical symmetry SO(2,4) of H-atom spectrum
(Malkin & Manko 1966; Barut and co )

L = rxp Bo—A = r By+Ay = rp?
r = rp B-A =r B+A = rp>—2p(r-p)
D = r-p—i
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H-atom Spectrum Generating Algebra SO(2, 4)

Dynamical symmetry SO(2,4) of H-atom spectrum
(Malkin & Manko 1966; Barut and co )

L = rxp Bo—A = r By+Ay = rp?
r = rp B-A =r B+A = rp>—2p(r-p)
D = r-p—i

Causal space-time automorphisms of the Minkowski space R':3

K., Pl = 2i(9uwD— M), [D,P.] =iP,,
(KoMl = i(gnuke —grKu) . [D;Mw] =0,
[Px;Muw] = i(gauPy — 9xPu) s [D K = —iK, .
co(J) | space-time cone | hydrogen atom
90 M. ;D Ly, Ti; D
g—1 Ky B, + Ay
g+1 P, B, — A,

A; Laplace-Runge-Lenz vector, its dual partner B;
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H-atom SGA SO(2,4)

Conformal algebra of Minkowski R'-3
Lab€50(274)7 nab:diag(+17+17_17_17_17_1)'

[Laba Lcd] = _i(nacLbd + Nbdlac — Nadlbe — nbcLad) (6)
0 By By B Bs D
0 L3 —-L A

Lap = o Lo A abe{-1,0,1,2,3,5}.
0 A
0

accidental symmetry SO(4) generated by L and A
Vladimir A. Fock (1935)
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Fock’s sphere and null cone

Null cone of isotropic rays in R2#4
N ={X¥ecR?*xX?, + X% —xZ — x5 — x5 —x€ = 0;x #0}.
compactified null cone My 3 = N/R* = (S x S%)/Z,

Po = —2,uE>O

Bander ltzykson 1968
stereographic projection to S stable under SO(4)

o 2
u:P pgn 2po 2P
P2 +ps PP+
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Fock’s sphere and null cone

Null cone of isotropic rays in R2#4
N ={X¥ecR?*xX?, + X% —xZ — x5 — x5 —x€ = 0;x #0}.
compactified null cone My 3 = N/R* = (S x S%)/Z,

Po = —2,uE>O

Bander ltzykson 1968
stereographic projection to S stable under SO(4)

o 2
u:P pgn 2po 2P
P2 +ps PP+

hyperboloid stablized by SO(1, 3) generated by L and B
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2D H-atom SGA SO(2,3)

Conformal algebra of Minkowski R

0 B B B, D

L= 0 Ly A abe{-1,01,2,3=5}
0 A
0

Null Cone of isotropic rays in R?3

N={JeR®®y2 +y§—y?—y5;—y5 =0,y #0}

Compactified null cone

Mio = N/R* = (S' x §2)/Z,
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Landau Problem and Harmonic oscillator

Larmour frequency w = €8
1 e N> 1
H_%<p—E.A> = 5P (7)
B B .
A= (AXaAy) = E(_y7 X) ) Ai = _Eeijx (8)
P)%—I_P}g hw 2 2 2 2 hw
H=—_ —7{pg+pn+(£ +n)}—7(£pn—npg)-
H="Y(at,a}, [Ha‘]=+a*, [Hb=0. (9)

T2
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Dirac dynamical algebra so(2, 3) = sp(4, R)

Dirac’s realization of s0(2, 3)
"A Remarkable Representation of the 3 + 2 de Sitter Group”
(67,6} —{a",a"}) ,

mpp = 1 11(

my = @+ - (02+7) = 3 ({am b7y + (et 673
4 (
N

my = 52— 22) 4 i(9% - 37 {a= bt} —{a",b7}) ,
m_y = FE-P)iE* -8 =  j(ata"—a"a  +b7b" —bTbY),
m_y = (B rP)+ (@2 +8) = %(a’a’ +atat +b7b” +bTbY)
P — 1 (20 +25-1) = —i(ta b7y — (a0t
my = —1 (28 - z20) = —j(aa +atat —b7b" —bbY),
myy = — (20 +2) = -4 (a a~ —atat +b7b" — b*b*) ,
ms = 12z + (86 + 59) = i (et o (a0}
m_1o = 12z - (95 + 59) = %({a*,a+}+{b*,b+}) .

Landau Hamiltonian £ = m_yo — my» = ${a",a"}

Angular momentum Tz =mp w=2eE
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2D H-atom and Landau problem

co(ﬁg) _ 50(2,4) Kustaanheimo— Stiefel 5u(2,2) .
x:xfj h=1°
CO(JH;) _ 50(27 3) Levi—Civita 5]3(4, R)

Newton—Hooke
<~

2D e~ in electric field 2D e~ in magnetic field
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Defining representation of su(2, 2)

matrices in sl(4, C) preserving a pseudo-Hermitian form g with
signature (+ + ——)

(6,0) = Bib1 + P3ho — Pitbs — Pitba = O BY = G .

The Hermitian matrix 3 = 37 depends on the basis, it fixes the
choice of the Dirac matrix o := /5 and the invariance of the
form implies

BoABa~1 — (578t
the 4 x 4 Dirac gamma matrices ~*,

{¥*, 4"} =2 uw,v=0,1,23.
The 15 su(2, 2)-generators 0*8 A, B € {-1,0,1,2,3,5}

o = Zh*AT, o = 30, (10)
ot = £[7u775]7 o = _%»YH_

Here we denoted ~° := 70y1~243,
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minimal (zero-mass) U(2, 2) representation

2 complex variables z* and derivatives w,, = —ia%

z:(?) BZ(ZZZ;) ¢=<§> ) =(-0,2).
‘ (11)

A canonical representation of a pair of 2D harmonic oscillators

[, ¥s] = 03 [v*, 0] =0.
Mack & Todorov zero-mass U(2, 2) representation
PGty Gy =T

its restriction to Poincaré is irreducible
the helicities A are labelling the zero-mass representations of
u(2,2).
0 1
930 A_O,ié,ﬂ,...
The hydrogen atom is described by helicity A = 0

aa S



Weyl Spinors and Sp(4,R)/Z, = SO(2, 3)

Majorana reduction from SU(2,2) to Sp(4,R)-rep
(Stoyanov & Todorov)
e =19

o (b7 1 Z+0 . b ot
e (5)-H(E8) e
2D H-atom so(2, 3)-spinorial representation, Barut & Duru
2ol T ()T = xTeal ),
2ol T ()T +xTealx)

m_q;

1 T
mj = €KX 0k X,
my; =

m_1o = 3(x*x+1),
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Dirac dynamical algebra so(2, 3) = sp(4, R)

Sp(4,R) = Spin(2, 3) acting on S' x S?/Z;

my = $(z0 - 29) = T bty —famaty)

my = (5 +P) - (P+P) = T({a b+ {at07))

my = (P -P)+i(? - ) = i ({a= 0"y —{at,07})
m_y = RE -2 -8 = I (a*a* —a~a +b b — b*b*) ,

1
i
m_y = (B +P)+(02+8) = i (a’a’ +atat +b7 b~ +b+b+) ,

mg_y = — 1 (204 25-1) = —i({a by —{a,0%))
myy = —1 (28 - z0) = —1(aa +atat —b7bm —bbt),
M = — 1 (20 + 29) = —j(aa —atat+b7b" — bt
ms = 12z + (88 + 59) = —3(tat 0 a 67
m_1o = 12z — (93 + 59) = %({a*,a+}+{b*,b+}) .

S' generated by conformal Hamiltonian m_4q € s0(2)
S? stabilized by myz, Mps, M3y € s0(3) :
2D Runge-Lenz vector (mo3, m31) and angular momentum m»
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Reduction of Kustaanheimo-Steifel KS transform

In celestial mechanics KS removes the singular trajectories due
to binary collisions from the phase space of 3D Kepler motion
Kustaanheimo-Stiefel Conformal spinorial regularization

4D Harmonic Oscillator
SuU(2,2)

3D H-atom
SO(2,4)

R T

elliptic Kepler orbits E < 0: geodesic motion on sphere S°
Hodograph: stereographic projection of the momentum space

(Fock 1935)
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Hopf fibration and KS regularization

0-S8"88 5850,

Uy + ito
M-l 2= (G iz

KS is cotangent extention of Hopf mapping ( Bruno Cordani)
KS: T+$¥-5T7t82 T+8"=T*S"—{0}
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Hopf fibration and KS regularization

0-S8"88 5850,
x| =|z[>, z= < ur o+ It ) . |zZP=2Zz
Uz + Uy
KS is cotangent extention of Hopf mapping ( Bruno Cordani)

KS: Tt88-T7+8 T+S8"=T*S"—{0}

Xy = Uilus + Uo Uy
X2 = UoUz — Uyls
X3 = —UZ— U3+ US+ U7,
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Hopf fibration and KS regularization

0-S8"88 5850,
x| =|z[>, z= < ur o+ It ) . |zZP=2Zz
Uz + Uy
KS is cotangent extention of Hopf mapping ( Bruno Cordani)

KS: Tt88-T7+8 T+S8"=T*S"—{0}

Xy = Uilus + Uo Uy

X2 = UoUz — Uyls

X3 = —UZ— U3+ US+ U7,
pr = —(Uiws + Wil + Uawy + Wally)/|2|?
P2 = —(U2W3+ Wallz — Wylls — Uy W4)/\Z\2 )
pP3 = (U1W1 +U2W2—U3W3—U4W4)/’Z’2.

The coordinates on T+S° are subject to the constraint
K= uiWo — UoWq + UsWy — Ugwz =0 .
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Majorana Spinor Reduction

2 uy + iU2 2 t
M=zt 2= (i) e
Planar reduction

Levi-Civita regularization TS — T+ 8!

£ = u¥P- U2, pe = (uywy — waus)/|Z|?,

in = Z°
Sl ’ n = 2u3Uz, py = —(urws + wius)/|1Z|?

uy

real spinor ¢ = ( U ) is writtenas Z = uy +iuz € C
3

05858 58 >0,
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Weyl Spinors and Sp(4,R)/Z, = SO(2, 3)

o (b7 1 zZ+0 . (ot
e (5)-5(38) e
2D H-atom so(2, 3)-spinorial representation, Barut & Duru
mj = Yepxolx, m_y = LxolT(x)T —xTealx),
mao = 30x+1),  my = i(x'o TT(X) +xTealx)

4D Dirac spinor yields 3D H-atom so(2, 4)-spinorial
representation

[V sl = 05 , [v*,v’1=0.
via Mack & Todorov ladder U(2, 2) representation
Gy, Ci=y
its Majorana reduction is Sp(4,R)-rep: Stoyanov & Todorov
Ye=1



Charge-Dyon system versus Haldane Spherical

geometry for the Landau problem

3D MIC-Kepler
S0(2,4)

4D Harmonic Oscillator
SU(2,2),A>0

R T
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Charge-Dyon system versus Haldane Spherical

geometry for the Landau problem

3D MIC-Kepler > 4D Harmonic Oscillator
S0(2,4) = SU(2,2),\>0

2D MIC-Kepler > 2D Harmonic Oscillator
S0O(2,3) = Sp(4,R) (Haldane geometry)

Ter-Antonyan, Mardoyan, Nersessian

Dyon—Oscillator Duality

4D singular oscillator and generalized MIC-Kepler system
F. D. M. Haldane

Fractional Quantization of the Hall Effect: A Hierarchy of
Incompressible Quantum Fluid States
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Confinement of quarks and meson mass spectrum

Kirchbach, M., Popoy, T., & Vallejo, J.A. (2021). Color
confinement at the boundary of the conformally compactified
AdSs. Journal of High Energy Physics, 2021(9).
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Alex Ganchev (1955-2022)

—
—

B — .
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Connection to parabosons

n parabosons close osp(1|2n), Ganchev, Palev
[{b;", b}, by] = 264b; [{b;, bf}, bf1=0

a_ (07 \_( by * _ (p+ Bt
X—(a_>—<b2—> Xo = (b7 b3)
n = 2 parabosons osp(1|4) Landau problem
osp(1[4)o = sp(4,R)
n = 4 parabosons sp(8,R) C osp(1|8) H-atom with spin

0s5p(1/8)o = sp(8,R)
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