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> Ranks of elliptic curves/Q bounded ?
Last year: > 29 (Elkies—Klagsbrun: slicing K3 surfaces)

> P(t) any integer polynomial, C(x) cubic,

Lett =1,2,3,... | Rank growth for P(t)y? = C(x)?
> How to detect disasters?
1, t odd
For positive integer t define: r =40, t even # 22
logt, t=24.

The average of r; is 1/2.
The average of 2"t is 3/2.
The average of 3" is co.

Moments are better at seeing disasters



In this talk

> rank bounds in elliptic surfaces



In this talk

> rank bounds in elliptic surfaces

» method of proof:

twisted Rédei matrices & Sieve Result




In this talk

> rank bounds in elliptic surfaces

» method of proof:
twisted Rédei matrices & Sieve Result

> applications to Cohen—Lenstra
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Theorem (KPS, 2024) disasters are rare

Fix any N € (0, o) and arbitrary P # 0 in Z[t]. Then 3¢ > 0:

% Z NEk(P(DY?=x0=x) _ ¢

teZ,|t|<X
P(t)#0

same with (x — r1)(x — r2)(x — r3) in place of x3 — x

Fouvry 1991 y? = x3 + B (GRH + BSD) N < V3
Heath-Brown 1993 for linear P(t).

Fouvry—Pomykala 1994 y? = x3 + A(t)x + B(t) (GRH + BSD)
Michel 1995: familes of abelian varieties (GRH + BSD)

vV V. vV VY
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rankE(A') < rankE(t) < 1 + rankE(A")

for 100% of t € Q ordered by naive Weil height. E(A') is E/Q(t).
» Silverman proved lower bound

> Colliot-Thélene—Skorobogatov—Swinnerton-Dyer 1998:
Joot satisfying the inequality

> Colliot-Théléne: families with 1-jump for non-thin set of t
> Loughran—Salgado, Costa—Salgado: 2 and 3-jumps

jumps typically bounded

Corollary: Fix any n > 1. In our families

]
rankE(t) < logn with probability > 1 — -
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d square-free, ne N, hp(d) := #CI(Q(Vd))[n].

Cohen-Lenstra 1984 conjectured: as X — o

1 .
X Z h,(—d) asymptotic to {

0<d<X

Gre n odd,
c,log X, neven.

same withd > 0

n = 2 Gauss,

n = 3 Davenport-Heilbronn 1972,

n = 4 Fouvry-Klliners 2007,

n = 2K Smith 2017,

n = 6 Chan-Koymans-Pagano-S. 2023 (order of magnitude)

vV V. vV vV VY
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Theorem (KPS 2024) hs, ho« statistically independent

Fix k € N. There are ¢, ¢’ > 0 such that

:
clogX <+ > hap(-d) < clogX.
X
0<d<X

» same withd > 0
> h3,2k = h3h2k but E[XY] ?& E[X]E[Y]

> level of distribution for h, & moments for hy, = Average of hgp.
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> Proof different than hg (no easy interpretation when k > 2.)

> ho« can be controlled by a matrix with quadratic symbols.

> Sel?(dy? = x® — x) similar

sequence with a level of distribution

hs(d)

P(t)

arithmetic object

ha(d)

Sel?(dy? = x3 - x)

Proofs follow similar paths, talk on hy»
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hs~» cubic fields K-+ cubic forms ~» lattice point counting.

Delone—Faddeev canonical bijection:

{cubic fields K/Q} & {f(x,y) = ax® 4+ bx2y + cxy? + dy®}/GL2(Z)

~s  CI(Q(Vd))V[3] - {0} — {cubic fields K/Q with disc = d}.

For a quadratic character y let L = Fix(x).

Lemma: Unramified cubic cyclic L/Q(Vd) are S over Q.
L
BN

Ss| Q(Vd
|
Q

Ss-extensions contain 3 cubic fields K

o/
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Tool 1: level of distribution for hs
Belabas (2010) and Bhargava—Taniguchi—Thorne (2024) proved:

Theorem
Forall X > 1 and g < X'/1% we have

3
D, (ha(=d) = 1) = Sh(q)X + O(X°7),
0<d<X T
d=0(mod q)

where h is multiplicative and defined by

1 _
mv e_1’
0 e>2,p>2
ey __ ’ s ’
h(P™) =1 4 =2,e=23
3,269 p_ ] - ’ ]
0, p=2e2>4.

> Asymptotic for most moduli g up to a power of X

level of distribution
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Tool 2: bounding hax

hokt1 : hy \K=T1
p 21 ho (24
P IS descendmg = h2k < hn (hg)

» for finite abelian group A let rtksA := dimg,2A[4]

» for negative discriminants: Z—;‘ — 2rksCI(Q(VD))
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Theorem (Rédei)
Let d < 0 odd discriminant with prime divisors p1 < p2 < ... < pPy.
Then | tk4CI(Q(Vd)) = w — 1 — 1kR(d) |, where

> hyo < ha2@k2-(k=)rankR gives too many logarithms.
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Tool 2: majorise by a twisted Rédei matrix

Let f(d) = 2CUQVD)),

Lemma (a multiplicative property)

d, m coprime = |f(dm) < g(d, m)4“(™) with

g(d, m) = 2(d)-rankRm(d)

st (5)
Rin(d) = € Fxe, *1:(1031)]—[(%).

(,%) %, i#1

Extra property: g(d, n) = g(d, n + d).
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» Erdds (1952): P € Z][t] irreducible, d divisor function. Then

d(P(n)) = O(X log X).
1<n<X, P(n)+0

> asymptotic open

» f: N — R divisor-bounded if | |f(n)| < d(n)® | for a constant ¢

» submultiplicative ’ 0 < f(nm) < f(n)f(m) ‘ if gcd(m, n) =1

> Nair—Tenenbaum (1992) generalised Erdds to
submultiplicative divisor-bounded functions

> Crucial in Manin’s conjecture for surfaces.
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Theorem (Wolke 1971, Chan—Koymans—Pagano—S 2023)
For any w, > 0 and an integer sequence a, = O(n?°2°) assume

W, = h(q)X+ O(X0.999) vq < X0.001’

1<n<X
qlan

for some “nice” h. For any submultiplicative divisor-bounded f,
2. waf(an) < X[ [(1=h(p)) ), Kmh(n).
1<n<X p<X 1<n<X

> Theorem (Sieve Result: CKP 2024)
Can replace submultiplicative divisor-bounded by

f(nm) < g(n, m)d(m)°| ¥ ged(n, m) = 1

where g : N2 — [0, o) satisfies g(n, m) = g(n, m + n).



Conclusion of p

roof

Tool 1

Tool 2

hs — 1 has level of distribution

Explicit description of hs via Rédei twists

/

Tool 3:

h
Ynex(h3=1) hy < % 2in<X 4,(7n)

Sieve Result Wn f




Conclusion of p

roof

Tool 1
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Explicit description of hs via Rédei twists
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Tool 3: Snex (h3=1) s < 1255 Spex 20

Sieve Result - f

» Character-sum method of Heath-Brown and Fouvry—Kliiners

D" H(d)ha(d), f multiplicative.
d<X
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> Counting points on elliptic K3
> Malle for dihedral D3 o«
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Thank You!

Questions?



